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Introduction and main result

Left-symmetric algebras

Definition

A left-symmetric algebra A is a vector space over a field K with a bilinear
product (x , y) −→ xy satisfying (x , y , z) = (y , x , z) for x , y , z ∈ A, where
(x , y , z) = (xy)z − x(yz).

Remark

If A is a left-symmetric algebra, then the commutator [x , y ] = xy − yx
define a Lie bracket on A. We denote this underlying Lie algebra by AL.

Left-symmetric algebras are non-associative algebras arising from the study
of affine manifolds and some other geometric structures. For example, a
Lie group admits an affine connexion if and only if its Lie algebra admits a
Left-symmetric product compatible with the Lie brackets.
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Introduction and main result

Left-symmetric algebras

Let A be a left-symmetric algebra. We denote by Lx (resp. Rx) the left
(resp. right) multiplication by x ; i-e, Lx(y) = xy = Ry (x).

Definition

A left-symmetric algebra is called transitive (or complete) if all right
multiplications Rx are nilpotent.

The transitivity corresponds to the completeness of the affine manifolds in
geometry.
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Introduction and main result

Novikov algebras

Novikov algebras constitute a special class of left-symmetric algebras.

Definition

A Novikov algebra A is a left-symmetric algebra such that all right
multiplications commute. That is [Rx ,Ry ] = 0 for any x , y ∈ A.

The abstract study of Novikov algebras was started by Zelmanov and
Filipov. The term ”Novikov algebra” was given by Osborn.
Novikov asked whether there exist simple Novikov algebras.

Theorem (Zelmanov, Soviet Math. Dokl. 1987)

A finite-dimensional simple Novikov algebra over an algebraically closed
field with characteristic 0 is one-dimensional.

Theorem (Burde, J. Geom. Phys. 2006)

The underlying Lie algebra of a Novikov algebra is solvable.
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Introduction and main result

Novikov algebras with an invariant symmetric bilinear form

Definition

A nondegenerate symmetric bilinear form 〈 , 〉 on a Novikov algebra A is
said to be invariant if 〈Rx(y), z〉 = 〈y ,Rx(z)〉 for any x , y , z ∈ A.

Let Ak,0 denote the real vector space of dimension k with zero
multiplication and Fk+1,0 = e0, e1, ..., ek : eie0 = ei , i = 0, ..., k .

Theorem (Zelmanov, Sov. Math. Dokl. 1987)

Let A be a real Novikov algebra provided with an invariant positive definite
symmetric bilinear form. Then A is an orthogonal direct sum of the form
A = ⊕iAi where each Ai is isomorphic to either the algebra Ak,0 or the
algebra Fk+1,0, for some integer k ≥ 1. In particular, A is associative.
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Introduction and main result

Novikov algebras with an invariant symmetric bilinear form

Theorem (Guediri, J. Geom. Phys. 2014 and 2016)

Let A be a real n-dimensional Novikov algebra provided with an invariant
Lorentzian symmetric bilinear form. Then A is isomorphic to an
orthogonal direct sum of the form A = A1 ⊕A2, where A1 is an algebra in
Table 1 and A2 is a direct sum of the algebras Ak,0 and Fk+1,0.
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Introduction and main result

Pseudo-Euclidean Novikov algebras

Definition

A pseudo-Euclidean Novikov algebra (A, 〈 , 〉) is a Novikov algebra A with
a non-degenerate symmetric bilinear form 〈 , 〉 such that
〈Lx(y), z〉+ 〈y ,Lx(z)〉 = 0 for any x , y , z ∈ A.

Definition

A flat pseudo-Euclidean Lie algebra (g, 〈 , 〉) is a Lie algebra g with a
non-degenerate symmetric bilinear form 〈 , 〉 such that the Levi-Civita
product defined by

2〈xy , z〉 = 〈[x , y ], z〉 − 〈[y , z ], x〉+ 〈[z , x ], y〉

is left-symmetric.
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Introduction and main result

Pseudo-Euclidean Novikov algebras

Remark

Let (A, 〈 , 〉) be a pseudo-Euclidean Novikov algebra. Then, (AL, 〈 , 〉) is
a flat pseudo-Euclidean Lie algebra. Conversely, If (g, 〈 , 〉) is a flat
pseudo-Euclidean Lie algebra such that [Rx ,Ry ] = 0 for any x , y ∈ g (with
respect to the Levi-Civita product) then the vector space g endowed by the
Levi-Civita product and the bilinear form 〈 , 〉 is a pseudo-Euclidean
Novikov algebra.

Problem

Which Novikov algebras admit such pseudo-Euclidean metric? Or,
equivalently, Which flat pseudo-Euclidean Lie algebras admit Novikov
Levi-Civita product?
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Introduction and main result

Reference and main result

Hicham Lebzioui (2020)

On pseudo-Eucliean Novikov algebras

Journal of Algebra 564, 300 – 316.

Theorem

Let (A, 〈 , 〉) be a Lorentzian Novikov algebra. Then A is transitive and AL is
unimoduar.

Hicham Lebzioui (USMS) On p-Euclidean Novikov algebras 10 / 45



Introduction and main result

Double extension of flat pseudo-Euclidean Lie algebras

Let us recall the double extension process introduced by A. Aubert and A.
Medina, and which plays an important role in the study of flat
pseudo-Riemannian Lie groups. Let (B, [ , ]0, 〈 , 〉0) be a flat
pseudo-Euclidean Lie algebra, ξ,D : B −→ B two endomorphisms of B,
b0 ∈ B and µ ∈ R such that:

1 ξ is a 1-cocycle of (B, [ , ]0) with respect to the representation
L : B −→ End(B) defined by the left multiplication associated to the
Levi-Civita product, i.e., for any a, b ∈ B,

ξ([a, b]) = Laξ(b)− Lbξ(a), (1)

2 D − ξ is skew-symmetric with respect to 〈 , 〉0,

[D, ξ] = ξ2 − µξ − Rb0 , (2)

and for any a, b ∈ B

a.ξ(b)− ξ(a.b) = D(a).b + a.D(b)− D(a.b). (3)

We call (µ,D, ξ, b0) satisfying the two conditions above admissible.
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Introduction and main result

Double extension of flat pseudo-Euclidean Lie algebras

Given (µ,D, ξ, b0) admissible, we endow the vector space
g = Re ⊕ B ⊕ Rē with the inner product 〈 , 〉 which extends 〈 , 〉0, for
which span{e, ē} and B are orthogonal, 〈e, e〉 = 〈ē, ē〉 = 0 and 〈e, ē〉 = 1.
We define also on g the brackets

[ē, e] = µe, [ē, a] = D(a)−〈b0, a〉0e and [a, b] = [a, b]0+〈(ξ−ξ∗)(a), b〉0e,

where a, b ∈ B. Then (g, [ , ], 〈 , 〉) is a flat pseudo-Euclidean Lie algebra
called double extension of (B, [ , ]0, 〈 , 〉0) according to (µ,D, ξ, b0).
Conversely, if a flat pseudo-Euclidean Lie algebra (g, 〈 , 〉) contains a
totally isotropic two-sided ideal I (for the Levi-Civita product) such that
dim I = 1 and I⊥ is also a two sided-ideal, then (g, 〈 , 〉) is obtained by
this process.
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Introduction and main result

Double extension of flat pseudo-Euclidean Lie algebras

Note that, if we denote the Levi-Civita product in g (resp. B) by a.b
(resp. ab), then we have for any a, b ∈ B,

e.e = e.a = a.e = e.ē = 0
a.b = 〈ξ(a), b〉Be + ab
ē.e = µe
ē.ē = b0 − µē
ē.a = −〈b0, a〉Be + (D − ξ)(a)
a.ē = −ξ(a)

(4)
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Examples of pseudo-Euclidean Novikov algebras

Proposition

Let (g, 〈 , 〉) be a pseudo-Euclidean Lie algebra. If g splits orthogonaly as
g = b⊕ u, where b is an abelian sub-algebra, u is an abelian ideal and adb
is skew-symmetric for any b ∈ b, then g endowed with the Levi-Civita
product is a pseudo-Euclidean Novikov algebra.

Proof.

Let x ∈ u. If y , z ∈ u, then 〈Lx(y), z〉 = 0. If y ∈ u and z ∈ b, since adz is

skew-symmetric then 〈Lx(y), z〉 = 0. Thus Lx(y) = 0 for any y ∈ u. Similarly, we

show that Lx(y) = 0 for any y ∈ b. Thus Lx = 0 and Rx = −adx for any x ∈ u.

We have in the same way, Lx = adx and Rx = 0 for any x ∈ b. Thus

L[x,y ] = [Lx ,Ly ] for any x , y ∈ g, which implies that the Levi-Civita product is

left-symmetric. On the other hand, if x ∈ b and y ∈ g, then we have obviously

[Rx ,Ry ] = 0. Since u is abelian, then for any x , y ∈ u,

[Rx ,Ry ] = [adx , ady ] = ad[x,y ] = 0, which shows that the Levi-Civita product is

of Novikov.
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Examples of pseudo-Euclidean Novikov algebras

Examples

1 If a Lie group admits a flat left-invariant Riemannian metric then its
Lie algebra endowed with the Levi-Civita product is an Euclidean
Novikov algebra (Milnor, Adv. in Maths. 1976)

2 If a Lie group admits a flat left-invariant pseudo-Riemannian metric
such that 〈 , 〉[g,g] is positive or negative definite then g endowed with
the Levi-Civita product is a pseudo-Euclidean Novikov algebra (L,
Proc. of A.M.S. 2020)

Theorem

Let (A, 〈 , 〉) be a pseudo-Euclidean Novikov algebra. Then 〈 , 〉[AL,AL] is
positive or negative definite if and only if AL splits orthogonaly as
AL = b⊕ u, where b is an abelian sub-algebra, u is an abelian ideal and
adb is skew-symmetric for any b ∈ b. In this case, the Novikov product is
given by Rb = 0 for any b ∈ b and Ru = −adu for any u ∈ u.
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Examples of pseudo-Euclidean Novikov algebras

The following example gives a Lorentzian Novikov algebra (A, 〈 , 〉) such
that [AL,AL] is Lorentzian.

Example

The Lie algebra e(1, 1) of the Lie group of rigid motions of Minkowski
plane. e(1, 1) = span{e1, e2, e3} endowed with the only non vanishing Lie
brackets [e1, e2] = e3 and [e1, e3] = e2 and the flat Lorentzian metric 〈 , 〉
where {e1, e2, e3} is orthonormal with 〈e3, e3〉 = −1. The only non
vanishing Levi-Civita products are e1.e2 = e3 and e1.e3 = e2. Thus the
product is of Novikov.
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Examples of pseudo-Euclidean Novikov algebras

The second example is an example of Lorentzian Novikov algebras
(A, 〈 , 〉) such that [AL,AL] is degenerate.

Example

Let (g, 〈 , 〉) be a flat Lorentzian 2-step nilpotent Lie algebra, then g
endowed with the Levi-Civita product is a Lorentzian Novikov algebra. In
fact, the Lie algebra g is a trivial extension of the 3-dimensional
Heisenberg Lie algebra H3. That is g = Z1 ⊕H3 where Z1 ⊂ z(g) and H3

is Lorentzian with degenerate center. Thus, we can find a basis {e1, e2, e3}
of H3 such that the Lie bracket is given by [e1, e2] = λe3 where λ ∈ R∗
and the only non vanishing scalar products on H3 are
〈e1, e3〉 = 〈e2, e2〉 = 1. The non vanishing Levi-Civita products are
e1.e1 = −λe2 and e1.e2 = λe3 wich implies that this product is of Novikov.
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Examples of pseudo-Euclidean Novikov algebras

Lorentzian Novikov algebras with nilpotent underlying Lie
algebras

Theorem (Aubert-Medina, Tohoku Math. J. , 2003)

A nilpotent Lie group admits a flat left-invariant Lorentzian metric if and
only if its Lie algebra g is a double extension of an Euclidean abelian Lie
algebra according to µ = 0, D = ξ and b0 where D2 = 0. Furthermore, g
is at most 3-step nilpotent.

With notations of the last theorem, let us characterize Novikov Lorentzian
algebras (A, 〈 , 〉) such that AL is nilpotent.

Proposition

The Levi-Civita product of a flat Lorentzian nilpotent Lie algebra (g, 〈 , 〉)
is of Novikov if and only if b0 ∈ ker ξ.
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Examples of pseudo-Euclidean Novikov algebras

Proof.

Since B is abelian, then the Levi-Civita product of (B, 〈 , 〉B) is trivial.
Let a, b, c ∈ B. Since µ = 0 and D = ξ, we have,

[Ra,Rb] = [Ra,Re ] = [Re ,Rē ] = RēRa = 0.

Then g is of Novikov if and only if RaRē = 0 for any a ∈ B. We have
RaRē(e) = 0 and 〈RaRē(b), e〉 = 〈RaRē(b), c〉 = 0. Since ξ2 = 0, then

〈RaRē(b), ē〉 = 〈(b.ē).a, ē〉 = −〈ξ(b).a, ē〉 = 〈ξ2(b), a〉 = 0.

Thus RaRē(b) = 0. On the other hand, we have
〈RaRē(ē), e〉 = 〈RaRē(ē), b〉 = 0, and

〈RaRē(ē), ē〉 = 〈(ē.ē).a, ē〉 = 〈b0.a, ē〉 = 〈ξ(b0), a〉B ,

for any a ∈ B. Thus g is of Novikov if and only if b0 ∈ ker ξ.
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Examples of pseudo-Euclidean Novikov algebras

Lorentzian Novikov algebras with nilpotent underlying Lie
algebras

Let (A, 〈 , 〉) be a Lorentzian Novikov algebra. Then, AL is nilpotent if and only
if AL is a double extension of an Euclidean abelian Lie algebra (B, 〈 , 〉B)
according to µ = 0, D = ξ and b0 where ξ2 = 0 and b0 ∈ ker ξ. That is,
AL = Re ⊕ B ⊕ Rē endowed by the non-trivial Lie brackets, for any a, b ∈ B,

[ē, a] = ξ(a)− 〈b0, a〉Be and [a, b] = 〈(ξ − ξ∗)(a), b〉e,

where ξ ∈ End(B) such that ξ2 = 0 and b0 ∈ ker ξ. The non-trivial Novikov
products are

a.b = 〈ξ(a), b〉Be, ē.ē = b0, ē.a = −〈b0, a〉Be and a.ē = −ξ(a).

Note that, in this case, AL is at most 3-step nilpotent and if AL is not abelian

then, the derived Lie algebra [AL,AL] is degenerate.
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Pseudo-Euclidean Novikov algebras with non-degenerate
Lie derived ideal

Proposition

Let (A, 〈 , 〉) be a pseudo-Euclidean Novikov algebra. Then

1 [AL,AL] is a two-sided ideal.

2 For any x ∈ [AL,AL]⊥, Rx is symmetric and R3
x = 0.

3 If [AL,AL] is non-degenerate, then Rx = 0 for any x ∈ [AL,AL]⊥. In
particular, [AL,AL]⊥ is abelian.
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Proof.
Let (A, 〈 , 〉) be a pseudo-Euclidean Novikov Algebra.

1 From [Lx − adx ,Ly − ady ]z = 0 for any x, y, z ∈ A, we deduce that

0 = [x, y ].z − [adx ,Ly ]z − [Lx , ady ]z + [[x, y ], z]

= [x, y ].z + y.[x, z] + x.[z, y ] + [y.z, x] + [y, x.z] + [[x, y ], z] ,

hence [x, y ].z + y.[x, z] + x.[z, y ] ∈ [AL,AL]. We have

y.[x, z] + x.[z, y ] = [x, z].y + [y, [x, z]] + [z, y ].x + [x, [z, y ]]

= (x.z).y − (z.x).y + (z.y).x − (y.z).x + [y, [x, z]] + [x, [z, y ]]

= (x.y − y.x).z + [y, [x, z]] + [x, [z, y ]]

= [x, y ].z + [y, [x, z]] + [x, [z, y ]] ,

then [x, y ].z ∈ [AL,AL]. Since z.[x, y ] = [z, [x, y ]] + [x, y ].z, thus [AL,AL] is a two-sided ideal.

2 Let x ∈ [AL,AL]⊥ and y, z ∈ AL. We have 〈y.x, z〉 = 〈z.x, y〉, which implies that Rx is symmetric. On the other
hand, (??) is equivalent to

Ru.v − RvRu = [Lu ,Rv ],

for any u, v ∈ A. Since x.x = 0 then, from the Novikov condition, we deduce that RxLx = 0. On the other hand,
(??) implies that [Rx ,Lx ] = R2

x . Thus,

R
3
x = Rx [Rx ,Lx ] = −RxLxRx = 0.

3 If [AL,AL] is non-degenerate, then AL = [AL,AL]⊥ ⊕ [AL,AL]. Let x, y ∈ [AL,AL]⊥, we have

x.y = 1
2

[x, y ] ∈ [AL,AL].



Pseudo-Euclidean Novikov algebras with non-degenerate
Lie derived ideal

Since Lx is skew-symmetric and [AL,AL] is stable by Lx , then [AL,AL]⊥ is also stable by Lx . Thus

x.y ∈ [AL,AL] ∩ [AL,AL]⊥ which implies that x.y = 0. Let u ∈ [AL,AL]. Since [AL,AL] is a two-sided ideal, then

u.x ∈ [AL,AL]. For any v ∈ [AL,AL] we have 〈u.x, v〉 = −〈x, u.v〉 = 0, thus Rx = 0 for any x ∈ [AL,AL]⊥.

In order to characterize pseudo-Euclidean Novikov algebras (A, 〈 , 〉)
where [AL,AL] is Lorentzian, we prove first two Lemmas.

Lemma

Let (A, 〈 , 〉) be a pseudo-Euclidean Novikov Algebra where [AL,AL] is
Lorentzian. Then

(
[AL,AL], 〈 , 〉[AL,AL]

)
can not be a flat Lorentzian

2-step nilpotent Lie algebra.
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Proof.

Assume that
(

[AL,AL], 〈 , 〉[AL,AL ]

)
is a flat Lorentzian 2-step nilpotent Lie algebra. Then, [AL,AL] must be a trivial

extension of H3. That is [AL,AL] = Z1 ⊕H3 where Z1 is Euclidean, Z1 ⊂ z ([AL,AL]) and H3 is Lorentzian with
degenerate center. Thus, we can find a basis {e, b, ē} of H3 such that [ē, b] = λe where λ ∈ R∗ and the only non vanishing

scalar products on H3 are 〈e, ē〉 = 〈b, b〉 = 1. Let {e1, . . . , er} be an orthonormal basis of [AL,AL]⊥. Since Rei
= 0,

then adei
is skew-symmetric for any i ∈ {1, . . . , r}. We put

[ei , b] = αi e + βi ē + zi ,
[ei , ē] = −αi b − γi ē + ui , where zi , ui ,wi ∈ Z1 and αi , βi , γi ∈ R.
[ei , e] = γi e − βi b + wi .

Using (??), we can check that Lz = Le = Lb = 0 for any z ∈ Z1. From

〈[ei , ē].e − ei .(ē.e) + ē.(ei .e), ē〉 = 0,

we deduce that −γi 〈ē.e, ē〉 + 〈ei .ē, ē.e〉 − 〈ei .e, ē.ē〉 = 0. Since Lei
= adei

and 〈ē.e, ē〉 = 0 then

〈−αi b − γi ē + ui , ē.e〉 − 〈γi e − βi b + wi , ē.ē〉 = 0, which implies that βi 〈ē.ē, b〉 = 0, thus λβi = 0 for any
i ∈ {1, . . . , r}. In the same way, from

〈[ei , ē].b − ei .(ē.b) + ē.(ei .b), ē〉 = 0,

we show that λγi = 0 for any i ∈ {1, . . . , r}. Since λ 6= 0 then βi = γi = 0 for any i ∈ {1, . . . , r}, which implies that
ē /∈ [AL,AL]. This gives a contradiction, and completes the proof.



Pseudo-Euclidean Novikov algebras with non-degenerate
Lie derived ideal

Lemma

Let (A, 〈 , 〉) be a pseudo-Euclidean Novikov algebra where [AL,AL] is
Lorentzian. Then

(
[AL,AL], 〈 , 〉[AL,AL]

)
can not be a flat Lorentzian

3-step nilpotent Lie algebra.

Proof.

Assume that
(

[AL,AL], 〈 , 〉[AL,AL ]

)
is a flat Lorentzian 3-step nilpotent Lie algebra. According to Theorem ??,(

[AL,AL], 〈 , 〉[AL,AL ]

)
must be a double extension of an Euclidean abelian Lie algebra B according to µ = 0, D = ξ and

b0 where D2 = 0 and D 6= 0. We have obviously, Im D ⊂ ker D. We put rank(D) = r ≥ 1, B = Im D ⊕ (Im D)⊥ and let

{b1, . . . , br} (resp. {br+1, . . . , bp}) be an orthonormal basis of Im D (resp. of (Im D)⊥). Note that, p − r ≥ r . Let
D = (dij )1≤i,j≤p be the matrix of D in the basis {b1, . . . , bp}. We have dij = 0 for all i ∈ {1, . . . , p} and

j ∈ {1, . . . , r}, and dij = 0 for all i, j ∈ {r + 1, . . . , p}. Let D be the submatrix of D formed by dij for i ∈ {1, . . . , r} and

j ∈ {r + 1, . . . , p}. Then we have rank(D) = r . We Put AL = [AL,AL]⊥ ⊕ [AL,AL] where [AL,AL] = Re ⊕ B ⊕ Rē.
According to (??), the only non vanishing Lie brackets in [AL,AL] are given by

[ē, bi ] = λi e, for any i ∈ {1, . . . , r},
[ē, bi ] =

∑r
k=1 dki bk + λi e, for any i ∈ {r + 1, . . . , p},

[bi , bj ] = −dij e, for any i ∈ {1, . . . , r} and j ∈ {r + 1, . . . , p}.
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Let {e1, . . . , eq} be an orthonormal basis of [AL,AL]⊥. Since Res = 0 then ades is skew-symmetric for any
s ∈ {1, . . . , q}. Then we can put for any s ∈ {1, . . . , q}

[es , e] = xe +
∑p

i=1 xi bi ,

[es , bi ] = αi e +
∑p

k=1
aki bk − xi ē,

[es , ē] = −
∑p

i=1 αi bi − xē,

where x, xi , αi ∈ R for any i ∈ {1, . . . , p}, and (aij )1≤i,j≤p is a skew-symmetric matrix. Let j ∈ {r + 1, . . . , p}, from the

Jacobi identity
[
[es , e], bj

]
+
[
[e, bj ], es

]
+
[
[bj , es ], e

]
= 0 we deduce that

∑r
i=1 xi [bi , bj ] = 0, which implies that∑r

i=1 dij xi = 0 for any j ∈ {r + 1, . . . , p}. Since rank(D) = r , thus xi = 0 for any i ∈ {1, . . . , r}.

Let i ∈ {1, . . . , r} and j ∈ {r + 1, . . . , p}. Let
[
[es , bi ], bj

]B (resp.
[
[bi , bj ], es

]B ,
[
[bj , es ], bi

]B ) be the compenent of[
[es , bi ], bj

]
(resp.

[
[bi , bj ], es

]
,
[
[bj , es ], bi

]
) with respect to B. Since xi = 0 for any i ∈ {1, . . . , r}, then[

[es , bi ], bj
]B =

[
[bj , es ], bi

]B = 0, and
[
[bi , bj ], es

]B = dij
∑p

k=r+1
xkbk = 0. Since there exists a non nul dij , then xi = 0

for any i ∈ {r + 1, . . . , p}. Let us show now that x = 0. Let i ∈ {r + 1, . . . , p}. We have
〈[es , bi ].ē − es .(bi .ē) + bi .(es .ē), b1〉 = 0, then

〈[es , bi ].ē, b1〉 + 〈es .b1, bi .ē〉 = 〈es .ē, bi .b1〉.

Since the product is of Novikov and Les = ades , then

〈[es , bi ].ē, b1〉 = 〈(es .bi ).ē, b1〉 = −〈(es .bi ).b1, ē〉 = −〈(es .b1).bi , ē〉 = −〈[es .b1].bi , ē〉.

According to (??), we can check that Le = Lbj
= 0 for any j ∈ {1, . . . , r}. Then

〈[es , b1].bi , ē〉 =
∑p

k=r+1
ak1〈bk .bi , ē〉 = 0 (because i, k ∈ {r + 1, . . . , p}). Thus 〈[es , b1], bi .ē〉 = 〈[es , ē], bi .b1〉,

which implies that
∑r

k=1 ak1〈bk , bi .ē〉 = −x〈bi .b1, ē〉. Since (aij )1≤i,j≤p is a skew-symmetric matrix, then we deduce the
linear system

d1i x +
r∑

k=2

dki a1k = 0, for any i ∈ {r + 1, . . . , p}.

Since rank(D) = r , then x = a1k = 0 for any k ∈ {2, . . . , r}, and hence ē /∈ [AL,AL]. This implies a contradiction, and

completes the proof of the Lemma.



Pseudo-Euclidean Novikov algebras with non-degenerate
Lie derived ideal

Theorem

(A, 〈 , 〉) is a pseudo-Euclidean Novikov Algebra such that [AL,AL] is
Lorentzian if and only if AL = [AL,AL]⊥ ⊕ [AL,AL], where [AL,AL]⊥ and
[AL,AL] are abelian, [AL,AL] is Lorentzian and adx is skew-symmetric for
any x ∈ [AL,AL]⊥.

Proof.

AL must be solvable, then [AL,AL] is nilpotent. Since [AL,AL] is a
two-sided ideal, then

(
[AL,AL], 〈 , 〉[AL,AL]

)
is a flat Lorentzian nilpotent

Lie algebra. According to Theorem of Aubert and Medina, [AL,AL] is at
most 3-step nilpotent. By applying Lemma 1 and Lemma 2, we deduce
that [AL,AL] must be abelian. On the other hand, we have Rx = 0 for
any x ∈ [AL,AL]⊥. Then [AL,AL]⊥ is abelian and adx = Lx is
skew-symmetric for any x ∈ [AL,AL]⊥.
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Pseudo-Euclidean Novikov algebras with non-degenerate
Lie derived ideal

Remark

The simplest example of the last Theorem, is the Lie group of rigid
motions of Minkowski plane E(1, 1). Note that this Lie group admits no
flat left-invariant Riemannian metric. Indeed, if not, E(1, 1) will be
isomorphic to the Euclidean group E(2).

Corollary

Let (A, 〈 , 〉) be a pseudo-Euclidean Novikov algebra such that [AL,AL] is
Lorentzian. Then AL is 2-solvable and unimodular.

Proof.

According to the last Theorem, we have tr(adx) = 0 for any x ∈ AL,
which implies that AL is unimodular. Since [AL,AL] is abelian, then AL is
2-solvable.
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Pseudo-Euclidean Novikov algebras with non-degenerate
Lie derived ideal

Remark

It is well-known that a flat pseudo-Riemannian connected Lie group is
geodesically complete if and only if it is unimodular. This is also equivalent to the
fact that the associated left-symmetric structure is transitive. That is all right
multiplications are nilpotent. Thus, according to Corollary 3.1, if (A, 〈 , 〉) is a
pseudo-Euclidean Novikov algebra such that [AL,AL] is Lorentzian, then A is
transitive and the metric is complete.

Theorem

(A, 〈 , 〉) is a Lorentzian Novikov algebra such that [AL,AL] is non-degenerate if
and only if AL = [AL,AL]⊥ ⊕ [AL,AL], where [AL,AL]⊥ and [AL,AL] are
abelian, and adx is skew-symmetric for any x ∈ [AL,AL]⊥.

Proof.

We have two cases: if [AL,AL] is Euclidean then we can apply Theorem (L, Proc. A.M.S (2020)). If [AL,AL] is Lorentzian
then we conclude by the last Theorem.
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Pseudo-Euclidean Novikov algebras with degenerate Lie
derived ideal

Proposition

Let (A, 〈 , 〉) be a Lorentzian Novikov algebra. Then Le = Re = ade = 0
for any e ∈ [AL,AL] ∩ [AL,AL]⊥.

Proof.

The result is trivial if [AL,AL] is non-degenerate. Assume that [AL,AL] is degenerate, and put

[AL,AL] ∩ [AL,AL]⊥ = Re. Thus g splits as

AL = U⊕ Re ⊕W ⊕ Rē,

where [AL,AL]⊥ = U⊕ Re, [AL,AL] = Re ⊕W and U and W are Euclidean. Let {u1, . . . , ur} (resp. {w1, . . . ,wq})

be an orthonormal basis of U (resp. W). For all x, y ∈ [AL,AL]⊥, we have x.y = 1
2

[x, y ] ∈ [AL,AL] ∩ [AL,AL]⊥.

Then we can put e.ui = −ui .e = 1
2
αi e, where αi ∈ R. We have Rk

ui
(e) =

(
1
2
αi

)k
e, for any k ∈ N∗. Since

ui ∈ [AL,AL]⊥ then Rui
is nilpotent and hence αi = 0 for any i ∈ {1, . . . , r}. Let j ∈ {1, . . . , q} and x ∈ AL. From

〈Re (wj ), x〉 = 〈wj .e, x〉 = −〈e,wj .x〉,

and the fact that wj .x ∈ [AL,AL], we deduce that Re (wj ) = 0 for any j ∈ {1, . . . , q}. Thus Re (y) = 0 for any

y ∈ [AL,AL] + [AL,AL]⊥. Since Re is symmetric, then Re (ē) = λe.
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We have
〈RēRe (ē), ē〉 = 〈(ē.e).ē, ē〉 = λ〈e.ē, ē〉 = 0,

and
〈ReRē (ē), ē〉 = 〈(ē.ē), ē.e〉 = λ〈ē.ē, e〉 = −λ〈ē, ē.e〉 = −λ2

,

thus λ = 0 and Re = 0. Then ade = Le is skew-symmetric. Recall that e.ui = [e, ui ] = 0 for any i ∈ {1, . . . , r}. Let ade

be the restriction of the skew-symmetric endomorphism ade to [AL,AL]. The matrix of ade in the basis {e,w1, . . . ,wq}
has the form (

0 β
0 M

)

where β = (β1, . . . , βq) ∈ Rq , and M is a q × q-skew-symmetric matrix. Since AL is solvable then [AL,AL] is nilpotent.

Thus M is a skew-symmetric nilpotent matrix which implies that M = 0. Then, we have adwi
(e) = [wi , e] = −βi e and

adk
wi

(e) = (−βi )k e for any k ∈ N∗. Thus βi = 0 for any i ∈ {1, . . . , q}. Now, from 〈[e, ē], y〉 = −〈ē, [e, y ]〉 = 0 for any

y ∈ [AL,AL] + [AL,AL]⊥, and 〈[e, ē], ē〉 = 0 we deduce that Le = Re = ade = 0, as desired.

Theorem

Let (A, 〈 , 〉) be a Lorentzian Novikov algebra where [AL,AL] is
degenerate. Then (AL, 〈 , 〉) is obtained by the double extension process
from a flat Euclidean Lie algebra according to µ = 0, D, ξ and b0 where
ξ2 = 0. Furthermore, AL is unimodular.



Proof.

Put [AL,AL] ∩ [AL,AL]⊥ = Re. We have Le = Re = 0. Then I = Re is a totally isotropic one dimensional two-sided

ideal, and I⊥ is also a two-sided ideal. Thus (AL, 〈 , 〉) is a double extension of a flat Euclidean Lie algebra (B, 〈 , 〉B )
according to µ, D, ξ and b0. From

〈ReRē (ē), ē〉 = 〈(ē.ē).e, ē〉 = −µ〈ē.e, ē〉 = −µ2
,

and
〈RēRe (ē), ē〉 = 〈(ē.e).ē, ē〉 = µ〈e.ē, ē〉 = 0,

we deduce that µ = 0. According to (4), we have for any a, b ∈ B

〈RēRa(b), ē〉 = 〈(b.a).ē, ē〉 = 0,

and
〈RaRē (b), ē〉 = 〈(b.ē).a, ē〉 = −〈ξ(b).a, ē〉 = 〈ξ2(b), a〉,

thus ξ2 = 0. Let a, b ∈ B and [a, b]B the Lie bracket in B, and let ada be the endomorphism of B defined by

ada(b) = [a, b]B . We have tr(ada) = tr(ada) for any a ∈ B. Since B is unimodular, then tr(ada) = 0 for any a ∈ B. On
the other hand, we have tr(adē ) = tr(D). Since D − ξ is skew-symmetric and ξ is nilpotent, then tr(adē ) = 0. Thus AL is
unimodular.



Pseudo-Euclidean Novikov algebras with degenerate Lie
derived ideal

Let us give some applications of Theorem 4.1 in low dimensions. Note first
that, since AL must be unimodular, then there exists no 2-dimensional
Lorentzian Novikov algebra such that [AL,AL] is degenerate. Note also
that if AL is abelian then [AL,AL] is obviously non-degenerate.

Proposition

Let (A, 〈 , 〉) be a Lorentzian Novikov algebra where [AL,AL] is
degenerate. Then

1 If dimA = 3, then AL is isomorphic to H3.
2 If dimA = 4, then AL is isomorphic to one of these Lie algebras:

R⊕H3.
g4, the filiform Lie algebra of dimension 4.
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Proof.

Note first that if B is abelian, then (µ = 0,D, ξ, b0) is admissible if and only if D − ξ is skew-symmetric and [D, ξ] = ξ2. In
this case, the product is of Novikov if and only if


D − ξ is skew-symmetric,

ξ2 = 0,
Dξ = ξD = 0,
b0 ∈ ker ξ.

(5)

If dim A = 3 then dim B = 1, which implies that D = ξ = 0. Put b0 = λb where B = Rb with 〈b, b〉 = 1. Thus,
AL = Re ⊕ Rb ⊕ Rē where the only non vanishing Lie bracket is [ē, b] = λe, with λ 6= 0. Thus AL is isomorphic to H3. If
dim A = 4 then dim B = 2 and we can find an orthormal basis {b1, b2} of B such that D, ξ and b0 have the forms

ξ = D =

(
0 a
0 0

)
and b0 = λb1, or ξ = 0, D =

(
0 λ
−λ 0

)
and b0 = λ1b1 + λ2b2.

In the first case, the Lie brackets are given by [ē, b1] = λe, [ē, b2] = ab1 and [b1, b2] = −ae, where (λ, a) 6= (0, 0). If a = 0
then AL

∼= R⊕H3. If a 6= 0 then it’s easy to find a basis where the Lie brackets are given by [x1, x2] = x3 and [x1, x3] = x4,
which implies that AL

∼= g4. In the second case, one can check that [AL,AL] is degenerate iff λ = 0 and (λ1, λ2) 6= (0, 0),
which also implies that AL

∼= R⊕H3.



Pseudo-Euclidean Novikov algebras with degenerate Lie
derived ideal

Remark

All Lie algebras obtained in Proposition 4.2 are nilpotent. This isn’t the
case in general. For example, if B is abelian and dim B = 3, then ξ, D and
b0 given by

ξ = 0, D =

 0 λ 0
−λ 0 0
0 0 0

 and b0 = λ1b1 + λ2b2 + λ3b3,

verifies (5), where λ, λ1, λ2, λ3 ∈ R∗. One can show that the Lie algebra
obtained in this case, is isomorphic to the non nilpotent Lie algebra
defined by the only non vanishing Lie brackets [x1, x2] = x3, [x1, x3] = −x2

and [x1, x4] = x5.
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Lorentzian Novikov algebras

Theorem

Let (A, 〈 , 〉) be a Lorentzian Novikov algebra. Then

AL is unimodular.

The restriction of the product to [AL,AL]⊥ is trivial. In particular
[AL,AL]⊥ is abelian.

Proof.

The first point is a consequence of Theorem 3.2 and Theorem 4.1. Let us show the second point. If [AL,AL] is
non-degenerate, then the result follows from Proposition 3.1. Assume that [AL,AL] is degenerate and put

[AL,AL] ∩ [AL,AL]⊥ = Re with Le = Re = 0. We have

AL = U⊕ Re ⊕W ⊕ Rē,

where [AL,AL]⊥ = U⊕ Re, [AL,AL] = Re ⊕W and U and W are Euclidean. Let {u1, . . . , ur} (resp. {w1, . . . ,wq})
be an orthonormal basis of U (resp. W). Note that Rui

is symmetric for any i ∈ {1, . . . , r}. Let i, j ∈ {1, . . . , r} and

k ∈ {1, . . . , q}. We have [ui , uj ] = 2ui .uj ∈ Re. Then we can put [ui , uj ] = 2ui .uj = aij e, where aij ∈ R. Since
ē.wk ∈ [AL,AL], then we have

〈ē.ui ,wk〉 = −〈ui , ē.wk〉 = 0, 〈ē.ui , uj 〉 = −
1

2
aij and 〈ē.ui , e〉 = 0.
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Thus ē.ui = − 1
2

∑r
j=1 aijuj + αe, where α ∈ R. On the other hand, we have

〈ui .ē, ē〉 = 〈ui .ē, e〉 = 0, and 〈ui .ē, uj 〉 = −
1

2
aij .

Thus ui .ē = − 1
2

∑r
j=1 aijuj + x0, where x0 ∈W. Since the product is of Novikov, then 〈Rui

Rē (ui ), ē〉 = 〈RēRui
(ui ), ē〉.

But
〈RēRui

(ui ), ē〉 = 〈Lui .ui
(ē), ē〉 = 0,

and
〈Rui

Rē (ui ), ē〉 = 〈Rui
(ui .ē), ē〉 = 〈ui .ē,Rui

(ē)〉 = 〈ui .ē, ē.ui 〉.

Thus 〈ui .ē, ē.ui 〉 = 0. That is 〈− 1
2

∑r
j=1 aijuj + x0,− 1

2

∑r
j=1 aijuj + αe〉 = 0, which implies that

∑r
j=1 a2

ij = 0, and the

induced product on [AL,AL]⊥ is trivial, as desired.

Remark

Let (A, 〈 , 〉) be a Lorentzian Novikov algebra. Then, according to
Theorem 4.2, A is transitive and the metric is complete.
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Pseudo-Euclidean Novikov algebras of signature (2, n − 2)
with 2-step nilpotent underlying Lie algebras

In this last paragraph, we study pseudo-Euclidean Novikov algebra
(A, 〈 , 〉) of signature (2, n − 2) where AL is 2-step nilpotent. We have
1 ≤ dim z(AL) ∩ z(AL)⊥ ≤ 2.

Proposition

(A, 〈 , 〉) is a pseudo-Euclidean Novikov algebra of signature (2, n − 2)
such that AL is 2-step nilpotent and dim z(AL)∩ z(AL)⊥ = 1 if and only if
AL is a trivial extension of H3.

Proof.

It is known that AL must be a trivial extension of H3 or L4
6. Assume that

AL is a trivial extension of L4
6. We have Rx1Rx2(x1) = − 1

3bd x3, and
Rx2Rx1(x1) = − c

2bd x6, where bd 6= 0. Thus AL can not be a trivial
extension of L4

6.

Hicham Lebzioui (USMS) On p-Euclidean Novikov algebras 42 / 45



Pseudo-Euclidean Novikov algebras of signature (2, n − 2)
with 2-step nilpotent underlying Lie algebras

Proposition

(A, 〈 , 〉) is a pseudo-Euclidean Novikov algebra of signature (2, n − 2) such that
AL is 2-step nilpotent and dim z(AL) ∩ z(AL)⊥ = 2 if and only if

AL = Z1 ⊕ span{e1, e2} ⊕ B⊕ span{ē1, ē2},

with the only non vanishing Lie brackets [ē1, ē2] = λ1e1 + λ2e2,
[ē1, bi ] = αie1 + βie2 and [ē2, bi ] = γie1 + δie2, where {b1, . . . , br} is an
orthonormal basis of B, λ1, λ2, αi , βi , γi , δi ∈ R verifiying

r∑
i=1

(βi + γi )
2 = 4

r∑
i=1

αiδi ,

r∑
i=1

γ
2
i =

r∑
i=1

β
2
i ,

r∑
i=1

αiβi =
r∑

i=1

αiγi and
r∑

i=1

δiβi =
r∑

i=1

δiγi . (6)
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Proof.

According to Theorem 6.2 of [?], AL = Z1 ⊕ span{e1, e2} ⊕ B⊕ span{ē1, ē2} with the Lie brackets [ē1, ē2] = z0,
[ē1, bi ] = αi e1 + βi e2 and [ē2, bi ] = γi e1 + δi e2, where {b1, . . . , br} is an orthonormal basis of B and

3〈z0, z0〉 =
∑r

i=1(γi + βi )
2 − 4αiδi . Let {z1, . . . , zq} be an orthonormal basis of Z1 and put

z0 =
∑q

i=1 xi zi + λ1e1 + λ2e2. Then the only non vanishing Levi-Civita products are Rzi
(ē1) = − 1

2
xi e2, Rzi

(ē2) =
1
2
xi e1, Rbi

(ē1) = αi e1 + 1
2

(βi + γi )e2, Rbi
(ē2) = 1

2
(βi + γi )e1 + δi e2, Rē1

(zi ) = − 1
2
xi e2, Rē1

(bi ) =

γi−βi
2

e2, Rē1
(ē1) = −

∑r
i=1 αi bi − λ1e2, Rē1

(ē2) = − 1
2

∑q
i=1 xi zi − λ2e2 − 1

2

∑r
i=1(βi + γi )bi , Rē2

(zi ) =

1
2
xi e1, Rē2

(bi ) =
βi−γi

2
e1, Rē2

(ē1) = 1
2

∑q
i=1 xi zi + λ1e1 − 1

2

∑r
i=1(βi + γi )bi , Rē2

(ē2) = −
∑r

i=1 δi bi + λ2e1.

Thus (A, 〈 , 〉) is a pseudo-Euclidean Novikov algebra if and only if Rē1
Rē2

= Rē2
Rē1

, which is equivalent to the equalities

(6) and xi = 0 for any i ∈ {1, . . . , q}. This completes the proof.

Example

If we take αi = δi = λ1 = λ2 = 0 and βi = −γi then

AL = Z1 ⊕ span{e1, e2} ⊕ B⊕ span{ē1, ē2},

with the Lie brackets [ē1, bi ] = e1 and [ē2, bi ] = −e2.

Corollary

Let (A, 〈 , 〉) be a pseudo-Euclidean Novikov algebra of signature
(2, n − 2) such that AL is 2-step nilpotent. Then dim[AL,AL] ≤ 2 and
[AL,AL] is totally isotropic.



Many Thanks
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